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Abstract
It is proved that the Z2-graded ordered K-theory group with order unit (K∗(A),K∗(A)+, [1A]) is a
complete invariant for the class of unital C∗-algebras which are inductive limits of finite direct sums of
unital amenable separable simple C∗-algebras with tracial rank zero which satisfy the UCT.
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1. Introduction
The Elliott conjecture asserts that all nuclear separable simple C∗-algebras are classified up
to isomorphism by an invariant, called the Elliott invariant. In the last twenty years important
progress has been made in the classification of amenable C∗-algebras by many authors (see
[13,51]), for example by D. Dadalart (see [3–8]), G. Elliott (see [10–20]), G. Gong (see [23–27]),
H. Lin (see [29–45]), and so on. In order to search for more classifiable C∗-algebras, tracial rank
for C∗-algebras was introduced by H. Lin in [35], and it was proved that simple C∗-algebras with
tracial rank zero have real rank zero, stable rank one, weakly unperforated K0 groups, and are
quasidiagonal. A classification theorem for unital amenable separable simple C∗-algebras with
tracial rank zero which satisfy the UCT was given in [40].
In this paper, we prove that the ordered K-theory group (K∗(A),K∗(A)+, [1A]) is a complete
invariant for the class of unital C∗-algebras which are inductive limits of finite direct sums of
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in this class will be called a unital ATAF algebra, and by the example in [5] it is known that there
exists a unital ATAF algebra which is not an AH algebra.
The paper is organized as follows: In Section 2, we list some preliminary results which include
the formal definition of tracial rank zero. In Section 3, we obtain the uniqueness theorem for
unital ATAF algebras: Let A be a unital ATAF algebra. Then for any ε > 0, and any finite subset
F ⊆ A, there exists a K-triple (P,G, δ), where δ is a positive number, P is a finite subset of
P(A), and G is a finite subset of A, which satisfies that for any unital K-injective C∗-algebra
B of real rank zero and stable rank one and with K0(B) weakly unperforated (in particular B is
a unital ATAF algebra), and any two unital G-δ-multiplicative completely positive linear maps
L1,L2 : A → B , if L1#(p) = L2#(p) for any p ∈ P , then there exists a unitary element U ∈ B
such that Ad(U) ◦L1 ≈ε L2 on F . In Section 4 we obtain the existence theorem for unital ATAF
algebras: Let A and B be unital ATAF algebras. Then for any α ∈ KK(A,B) with the induced
map α∗ : K(A) → K(B) satisfying that α∗(K∗(A)+) ⊆ K∗(B)+ and α∗([1A]) = [1B ], and for
any K-triple (P,G, δ), where δ is a positive number, P is a finite subset of P(A), and G is a
finite subset of A, there is a unital G-δ-multiplicative completely positive linear map L :A→ B
such that L#(p) = α∗([p]) for any p ∈ P . In Section 5 we obtain the classification theorem for
ATAF algebras: Suppose that A and B are two unital ATAF algebras. If(
K∗(A),K∗(A)+, [1A]
)∼= (K∗(B),K∗(B)+, [1B ]),
then A ∼= B . Moreover the range of the invariant for ATAF algebras is also discussed.
2. Preliminaries and definitions
Let a and b be two positive elements in a C∗-algebra A. We write [a] [b], if there exists a
partial isometry v ∈A∗∗ such that, for every c ∈ Her(a), v∗c, cv ∈A, vv∗ = Pa , where Pa is the
range projection of a in A∗∗, and v∗cv ∈ Her(b). We write [a] = [b] if v∗ Her(a)v = Her(b). Let
n be a positive integer. We write n[a] [b], if there are mutually orthogonal positive elements
b1, b2, . . . , bn ∈ Her(b) such that [a] [bi], i = 1,2, . . . , n.
Let A and B be C∗-algebras, let L :A→ B be a map, let ε > 0, and let F be a finite subset of
A. L is called F -ε-multiplicative if ‖L(xy) − L(x)L(y)‖ < ε for all x, y ∈ F . Let L′ : A → B
be another map, then we write
L≈ε L′ on F,
if ∥∥L(x)−L′(x)∥∥< ε for all x ∈ F.
Definition 2.1. (See [36, Definition 3.6.2].) A simple unital C∗-algebra A is said to have tracial
rank zero, if for any ε > 0, any finite subset F , and any nonzero positive element a, there exist a
nonzero projection p ∈A and a finite dimensional C∗-subalgebra B of A with 1B = p, such that
(1) ‖xp − px‖< ε for all x ∈ F ,
(2) pxp ∈ε B for all x ∈ F , and
(3) [1 − p] [a].
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also called a TAF algebra. Moreover if in the above definition we replace the finite dimensional
C∗-subalgebra B of A by a C∗-subalgebra B of A which is a unital hereditary C∗-subalgebra of
a C∗-algebra with the form C(X) ⊗ F , where X is a one dimensional finite CW complex and
F is a finite dimensional C∗-algebra, then A is called to have tracial rank no more than one and
denoted by T R(A) 1.
Definition 2.2. A C∗-algebra A will be called an ATAF algebra (approximate TAF algebra), if
A=⋃∞n=1 An, where An ⊆An+1, and each An is a finite direct sum of unital amenable separable
simple C∗-algebras with tracial rank zero which satisfy the UCT. Clearly, an ATAF algebra is
still a (non-simple generally) C∗-algebra with tracial rank zero. Moreover an AF algebra is an
ATAF algebra, and by the example in [5] it is known that there exists a unital ATAF algebra
which is not an AH algebra.
Definition 2.3. (See [1, Definition 6.7.1].) Let (G,G+) be an ordered group. We write x  0 if
x ∈ G+; we write x > 0 if x ∈ G+ \ {0}. An ordered group (G,G+) is called unperforated if
nx  0 for some integer n > 0 implies that x  0; an ordered group (G,G+) is called weakly
unperforated if nx > 0 for some integer n > 0 implies x > 0.
A unital C∗-algebra A is said to have stable rank one, and written as tsr(A) = 1, if GL(A) is
dense in A, i.e., the set of invertible elements is dense in A.
A unital C∗-algebra A is said to have real rank zero, and written as RR(A) = 0, if the set of
invertible self-adjoint elements is dense in Asa (see [2,9,21,22,46–49]).
Theorem 2.4. (See [36, Theorem 3.6.11].) Every unital simple C∗-algebra A with tracial rank
zero has stable rank one and real rank zero; and (K0(A),K0(A)+, [1A]) is a weakly unperforated
ordered group with the ordered unit [1A].
3. Uniqueness theorem for ATAF algebras
Let A and B be C∗-algebras, let L : A → B be a contractive completely positive linear map,
and let Xn denote the Moore space with a fixed base point obtained by attaching the disk to
the circle by a degree n  2 map, which satisfies K0(C0(Xn)) = Z/nZ and K1(C0(Xn)) = 0.
Then L ⊗ idC(Xn) : A ⊗ C(Xn) → B ⊗ C(Xn), L ⊗ idSC(Xn) : A ⊗ SC(Xn) → B ⊗ SC(Xn),
and L ⊗ idC(T)⊗C(Xn) : A ⊗ C(T) ⊗ C(Xn) → B ⊗ C(T) ⊗ C(Xn) are contractive completely
positive linear maps. For any integer n > 1, positive number ε > 0, and finite subsets F1 ⊆
A⊗C(Xn), F2 ⊆A⊗SC(Xn), and F3 ⊆A⊗C(T)⊗C(Xn), there exist η > 0 and finite subset
G ⊆ A, which are independent of the C∗-algebra B , such that if L is G-η-multiplicative, then
L⊗ idC(Xn) is F1-ε-multiplicative, L⊗ idSC(Xn) is F2-ε-multiplicative, and L⊗ idC(T)⊗C(Xn) is
F3-ε-multiplicative (see Lemma 2.2 in [4]).
If A is a C∗-algebra, we denote by Proj(A) the set of projections in ⋃∞k=1 Mk(A) ⊆ A ⊗ K,
and set
ProjM(A)= Proj(A⊗C(T))∪( M⋃
n=2
Proj(A⊗C(T)⊗C(Xn))
)
,
P (A)= Proj∞(A)= Proj(A⊗C(T))∪( ∞⋃ Proj(A⊗C(T)⊗C(Xn))
)
.n=2
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Ki(A,Z/nZ) =Ki
(
A⊗C0(Xn)
)
(i = 0,1),
K∗(A) =K0(A)⊕K1(A)∼=K0
(
A⊗C(T)).
Then
K∗(A,Z/nZ)= K0(A,Z/nZ)⊕K1(A,Z/nZ)∼=K∗
(
A⊗C(T)⊗C0(Xn)
)
,
K∗(A)⊕K∗(A,Z/nZ)∼=K∗
(
A⊗C(T)⊗C(Xn)
)
,
and we will identify the isomorphic groups above.
Set
C = C(T)⊕
( ∞⊕
n=2
(
C(T)⊗C(Xn)
))
, C˜ = C ⊗ K,
C0 = C(T)⊕
( ∞⊕
n=2
(
C(T)⊗C0(Xn)
))
, C˜0 = C0 ⊗ K,
then we define
K(A)=K0(A⊗ C0)=K0(A⊗ C˜0)=K∗(A)⊕
( ∞⊕
n=2
K∗(A,Z/nZ)
)
.
By the group identification above, we have K0(A⊗ C)=K0(A⊗ C˜)⊆K(A).
For any contractive completely positive linear map ϕ : A → B , we associate a map ϕ# :
Proj(A) → K0(B), which is defined as follows: For p ∈ B ⊗ K, ϕ#(p) = [χ(ϕ ⊗ idK(p))], if
‖ϕ⊗ idK(p)2 −ϕ⊗ idK(p)‖< 1/4; otherwise ϕ#(p)= 0, where χ is the characteristic function
of the interval (1/2,1].
Set
ϕ˜ = ϕ ⊗ idC˜ :A⊗ C˜ → B ⊗ C˜,
then by abusing the notation we also associate a map
ϕ# : ProjM(A)→K0(B ⊗ C˜)=K0(B ⊗ C) ⊆K(B),
which is defined as follows: For any p ∈ A ⊗ C ⊗ K, ϕ#(p) = [χ(ϕ˜(p))] if ‖ϕ˜(p)2 − ϕ˜(p)‖ <
1/4, otherwise ϕ#(p)= 0, where χ is the characteristic function of the interval (1/2,1].
Two sequences (an) and (bn) are called congruent if there is n0 such that an = bn for n n0.
Congruence is denoted by (an)≡ (bn), or even an ≡ bn by abusing the notation.
We say (ϕn) is a (unital) contractive completely positive asymptotic morphism, if {ϕn} is a
sequence of (unital) contractive completely positive linear maps from A to Bn, which satisfies
that for any a, a′ ∈A,
lim
∥∥ϕn(aa′)− ϕn(a)ϕn(a′)∥∥= 0.n→∞
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ϕn# : ProjM(A) → K(Bn). Note that if p,q ∈ ProjM(A) have the same class in K(A), then
ϕn#(p) ≡ ϕn#(q). Assume that A is unital. For any x ∈ K(A), we fixed the projections pi, qi ∈
ProjM(A) (1  i  N ) such that x = ∑Ni=1([pi] − [qi]) and set ϕn#(x) = ∑Ni=1(ϕn#(pi) −
ϕn#(qi)) ∈ K(A). The sequence (ϕn#(x)) depends on the particular projections that we use to
represent x, but only up to congruence. While in general the map ϕn# : K(A) → K(Bn) are
not group morphisms, the sequence {ϕn#(x)} satisfies ϕn#(x + y) ≡ ϕn#(x) + ϕn#(y) for all
x, y ∈K(A).
Let P ⊆ Proj(A) ∩Mk(A) and G ⊆ A be finite sets, and let δ > 0. We say that (P,G, δ) is a
K0-triple if for any contractive completely positive G-δ-multiplicative linear map ϕ :A→ B , the
map ϕ˜ = ϕ ⊗ idMk(C) : Mk(A) → Mk(B) is P - 14 -multiplicative, and so ‖ϕ˜(p)2 − ϕ˜(p)‖ < 1/4
for any p ∈ P .
Let P ⊆ Proj(M)(A)∩Mk(A⊗ C) (where C = C(T)⊕ (⊕∞n=2(C(T)⊗C(Xn)))) and G⊆A
be finite sets, and let δ > 0. We say that (P,G, δ) is a K-triple if for any contractive completely
positive G-δ-multiplicative linear map ϕ : A → B , the map ϕ˜ = ϕ ⊗ idC˜ : A ⊗ C˜ → B ⊗ C˜ is
P - 14 -multiplicative, where C˜ = C ⊗ K. In this case ϕ#(p) = [χ(ϕ˜(p))] for all p ∈ P , where χ is
the characteristic function of the interval (1/2,1].
Theorem 3.1. (See [36, Theorem 6.3.3].) Let A be a unital amenable separable simple C∗-
algebra with tracial rank zero which satisfies the UCT. Then for any ε > 0, and any finite subset
F ⊆ A, there exists a K-triple (P,G, δ), where δ is a positive number, P is a finite subset of
P(A), and G is a finite subset of A, which satisfies that for any unital C∗- algebra B of real
rank zero and stable rank one and with weakly unperforated K0(B), and any two unital G-δ-
multiplicative contractive completely positive linear maps L1,L2 :A→ B , if for any p ∈ P ,
L1#(p)= L2#(p),
then there exists a unitary element U ∈ B such that Ad(U) ◦L1 ≈ε L2 on F .
Lemma 3.2. Let A be a unital C∗-algebra with the cancellation property. Then
(1) For any projection p ∈A, the canonical morphism i∗ :K0(pAp)→K0(A) is injective.
(2) If (K0(A),K0(A)+) is a weakly unperforated ordered group, then for any projection p ∈A,
(K0(pAp),K0(pAp)+) is a weakly unperforated ordered group.
Proof. (1) For any x ∈K0(pAp), if i∗(x)= 0, then we need to show that x = 0 in K0(pAp).
Let x ∈ K0(pAp), without loss of generality we may assume that x = [r] − [s], where
s, r ∈ Ml(pAp). If i∗(x) = 0, then we have [r] = [s] in K0(A). Since A has the cancellation
property, r ∼ s, i.e., there exists a partial isometry v ∈ Ml(pAp) such that v∗v = r, vv∗ = s.
Take w = diag(p,p, . . . ,p)v diag(p,p, . . . ,p) (where p repeats l times), then w ∈ Ml(pAp),
w∗w = r,ww∗ = s, so we have [r] = [s] in K0(pAp), i.e., x = 0 in K0(pAp). So the canonical
morphism i∗ :K0(pAp)→K0(A) is injective.
(2) For any x ∈ K0(pAp), if there exists an integer k such that kx > 0, then we need to
show that x  0. Without loss of generality we may assume that x = [r] − [s], where s, r ∈
Ml(pAp). Since kx > 0, and by (1) the canonical morphism i∗ :K0(pAp)→K0(A) is injective,
we have kx > 0 in K0(A). Since (K0(A),K0(A)+) is a weakly unperforated ordered group, we
have x > 0 in K0(A), i.e., [r] − [s] > 0 in K0(A). Therefore, there exists a nonzero projection
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K0(A). Regard r, s as projections in Mi(pAp). Since A has the cancellation property, there exists
a unitary element u ∈M2i (A) such that u∗ diag(s, q ′)u = diag(r,0). Set q = u∗ diag(0, q ′)u, then
q  diag(r,0)  diag(p,p), and so we have q ∈ M2i (pAp), and [q] = [q ′] in K0(A). So we
have [r] = [s]+[q] in K0(A). Since r, s are projections in M2i (pAp), and A has the cancellation
property, we have [r] = [s]+[q] in K0(pAp), i.e., [r]−[s] = [q]. Therefore we have [r]−[s]
0, i.e., x  0. 
Definition 3.3. A C∗-algebra B will be called K-injective, if for any nonzero projection p ∈ B ,
the canonical map from K(pBp)=K0((p⊗ 1M(C0))(B ⊗ C0)(p⊗ 1M(C0))) to K(B) =K0(B ⊗
C0) is injective, where C0 = C(T)⊕ (⊕∞n=2(C(T)⊗C0(Xn))).
Lemma 3.4. Suppose that A=⊕rn=1 An, where each An is a unital amenable separable simple
C∗-algebra with tracial rank zero which satisfies the UCT. Then for any ε > 0, and any finite
subset F ⊆A, there exists a K-triple (P,G, δ), where δ is a positive number, P is a finite subset
of P(A), and G is a finite subset of A, which satisfies that for any unital K-injective C∗- algebra
B of real rank zero and stable rank one and with K0(B) weakly unperforated, and any two
unital G-δ-multiplicative contractive completely positive linear maps L1,L2 :A → B , if for any
p ∈ P ,
L1#(p)= L2#(p),
then there exists a unitary element U ∈ B such that Ad(U) ◦L1 ≈ε L2 on F .
Proof. We prove this theorem by two steps.
(I) We show the assertion that for any ε > 0, and any finite subset F ⊆ A, there exists a K-
triple (P,G, δ), where δ is a positive number, P is a finite subset of P(A), and G is a finite subset
of A, which satisfies the condition C: For any unital K-injective C∗-algebra B of real rank zero
and stable rank one and with K0(B) weakly unperforated, and any two unital G-δ-multiplicative
contractive completely positive linear maps L1,L2 :A → B , which satisfy that for any p ∈ P ,
L1#(p)= L2#(p),
and L1(1An) = pn, L2(1An) = qn, where pn and qn are projections in B such that pnpm = 0
(1 n < m r) and qnqm = 0 (1 n < m r), there exists a unitary element U ∈ B such that
Ad(U) ◦L1 ≈ε L2 on F .
Let in :An →A and πn :A→An be the canonical inclusion and projection homomorphisms
respectively. For ε > 0 and F ⊆ A above, we have πn(F ) ⊆ An. We will find P,G, δ satisfying
the condition C above.
For ε > 0 and πn(F )⊆An above, by Theorem 3.1, there exists a K-triple (Pn,Gn, δn), where
δn is a positive number, Pn is a finite subset of P(An), and Gn is a finite subset of An, which
satisfies the following condition: For any unital C∗-algebra C of real rank zero and stable rank
one and with K0(C) weakly unperforated, and any two unital G-δ-multiplicative completely
positive linear maps L1,L2 :A→ C which satisfy that for any p ∈ Pn
Ln1#(p)= Ln2#(p),
there exists a unitary element Un ∈ C such that Ad(Un) ◦Ln1 ≈ε/2 Ln2 on πn(F ).
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sufficiently large and δn is sufficiently small such that for any two unital Gn-δn-multiplicative
completely positive linear maps H ′n1,H ′n2 :An → C, if H ′n1 ≈δn H ′n2 on Gn, then for any p ∈ Pn,
H ′n1#(p)=H ′n2#(p).
Take
G=
(
r⊕
n=1
Gn
)
∪ F, P =
r⊕
n=1
Pn, δ = min(1, δ1, δ2, . . . , δr , ε)/K,
where K is a sufficiently large integer which will be determined later. We will prove that this
K-triple (P,G, δ) satisfies the condition C above. First of all, for convenience, we may assume
that G is in the unit ball of A. Let B be a unital K-injective C∗-algebra of real rank zero and
stable rank one and with K0(B) weakly unperforated, and let L1,L2 :A → B be two unital G-δ-
multiplicative contractive completely positive linear maps such that L1(1An) = pn, L2(1An) =
qn, where pn and qn are projections in B such that pnpm = 0 (1  n < m  r) and qnqm = 0
(1 n <m r), and
L1#(p)= L2#(p)
for any p ∈ P . Since L1#(1An)= L2#(1An) in K0(B), i.e., [pn] = [qn] in K0(B), and tsr(B)= 1,
there exist partial isometries vn (n = 1,2, . . . r) such that vnvn∗ = qn, vn∗vn = pn. Set Ln1 =
pn(L1 ◦ in)pn,Ln2 = vn∗qn(L2 ◦ in)qnvn and C = pnBpn. Since L1,L2 are two unital G-δ-
multiplicative completely contractive positive linear maps, and L1 ◦ in ≈2δ pn(L1 ◦ in)pn,
L2 ◦ in ≈2δ qn(L1 ◦ in)qn on Gn, we may choose the integer K above sufficiently large such
that
Ln1 = pn(L1 ◦ in)pn, Ln2 = vn∗qn(L2 ◦ in)qnvn :An → pnBpn
are Gn-δn-multiplicative. Since tsr(pnBpn) = 1, and RR(pnBpn) = 0, by Lemma 3.2 we have
(K0(pnBpn),K0(pnBpn)+) is a weakly unperforated ordered group. Since L1#(p) = L2#(p)
for all p ∈ P , we have
(L1 ◦ in)#(p)= (L2 ◦ in)#(p), for all p ∈ Pn.
Since L1 ◦ in ≈2δ pn(L1 ◦ in)pn on Gn, we may choose the integer K above sufficiently large
such that
(L1 ◦ in)#(p)=
(
pn(L1 ◦ in)pn
)
#(p), for all p ∈ Pn,
in K(B). Similarly L2 ◦ in ≈2δ qn(L2 ◦ in)qn on Gn, and so we may choose the integer K above
sufficiently large such that
(L2 ◦ in)#(p)=
(
qn(L2 ◦ in)qn
)
(p), for all p ∈ Pn,#
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(Ln1)#(p)=
(
pn(L1 ◦ in)pn
)
#(p)=
(
qn(L2 ◦ in)qn
)
#(p), for all p ∈ Pn,
in K(B). Since(
qn(L2 ◦ in)qn
)
#(p)=
(
vn
∗qn(L2 ◦ in)qnvn
)
#(p)= (Ln2)#(p), for all p ∈ Pn,
in K(B), (Ln1)#(p)= (Ln2)#(p) in K(B) for all p ∈ Pn. Since both Ln1 and Ln2 are maps from
An to pnBpn, and B is K-injective, we have
(Ln1)#(p)= (Ln2)#(p), for all p ∈ Pn,
in K(pnBpn). So there exist unitary elements Un ∈ pnBpn (n= 1,2, . . . , r) such that
Ad(Un) ◦ pn(L1 ◦ in)pn = Ad(Un) ◦Ln1 ≈ε/2 Ln2 = vn∗qn(L2 ◦ in)qnvn
in πn(F ).
Take u=U1 +U2 +U3 +· · ·+Ur . Since L1 is unital, we have p1 +p2 +p3 +· · ·+pr = 1B .
Then u ∈ B is a unitary element and
Ad(U1) ◦ p1(L1 ◦ i1)p1 + Ad(U2) ◦ p2(L1 ◦ i2)p2 + · · · + Ad(Ur) ◦ pr(L1 ◦ ir )pr
≈ε/2 v1∗q1(L2 ◦ i1)q1v1 + v2∗q2(L2 ◦ i2)q2v2 + · · · + vr∗qr(L2 ◦ ir )qrvr
on F . Since
p1(L1 ◦ i1)p1 + p2(L1 ◦ i2)p2 + · · · + pr(L1 ◦ ir )pr ≈2δr L1
on G, set v = v1 + v2 + v3 + · · · + vr , we have v ∈ B is a unitary element and
v1
∗q1(L2 ◦ i1)q1v1 + v2∗q2(L2 ◦ i2)q2v2 + · · · + vr∗qr(L2 ◦ ir )qrvr ≈2δr Ad(v) ◦L2
on G. Set U = uv∗. We may choose the integer K above sufficiently large such that 8δr < ε, and
then we have Ad(U) ◦L1 ≈ε L2 on F .
(II) For generality, we have to prove that the assertion in (I) holds still without the assumption
in the condition C that L1 and L2 satisfy that L1(1An)= pn and L2(1An)= qn, where {pn}, {qn}
are two sequences of orthogonal projections in B . For the finite subset F ⊆ A and ε/2, by the
discussion above there exists a K-triple (P, G˜, δ1), where δ1 is a positive number less than ε/4, P
is a finite subset of P(A), G˜ is a finite subset of A, which satisfies that for any unital K-injective
C∗-algebra B of real rank zero and stable rank one and with K0(B) weakly unperforated, and
any two unital G˜-δ1-multiplicative completely positive linear maps H1,H2 : A → B such that
for any p ∈ P ,
H1#(p)=H2#(p),
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qnqm = 0 (1 n <m r), there exists a unitary element U ∈ B such that
Ad(U) ◦H1 ≈ε/2 H2.
Without loss of generality, we may assume that for any n (with 1  n  r), 1An ∈ G˜ and
F ⊆ G˜, and for any two unital G˜-δ1-multiplicative contractive completely positive linear maps
H1,H2 :A→ B , if
H1 ≈δ1 H2
on G˜, then for any p ∈ P ,
H1#(p)=H2#(p).
Take a positive number δ < δ1 and a finite subset G of A such that
⊕r
n=1 Gn ⊆ G, where
Gn = πn(G˜ ∪ G˜2), and πn is the canonical projection map from A onto An, then G˜ ∪ G˜2 ⊆ G.
Let L1,L2 :A→ B be two unital G-δ-multiplicative contractive completely positive linear maps
such that
L1#(p)= L2#(p), for all p ∈ P.
Since 1An ∈G for any n (with 1 n r), we have∥∥L1(1An)−L1(1An)L1(1An)∥∥< δ.
Then with δ sufficiently small, there exist projections pn, qn ∈ B such that∥∥L1(1An)− pn∥∥<√δ,∥∥L2(1An)− qn∥∥<√δ.
For any n =m with 1 n,m r , since∥∥L1(1An)L1(1Am)∥∥= ∥∥L1(1An)L1(1Am)−L1(1An1Am)∥∥< δ,
we have
‖pnpm‖< 2
√
δ + δ
and
‖qnqm‖< 2
√
δ + δ.
By Lemma 2.5.6 in [36], there exist mutually orthogonal projections p′1,p′2, . . . , p′r and mutually
orthogonal projections q ′1, q ′2, . . . , q ′r such that for any n (with 1 n r), we have∥∥pn − p′n∥∥< h(δ)
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where h(δ) is independent of the choice of L1,L2 and
lim
δ→0h(δ) = 0.
We have then
∥∥p′nL1(1An)p′n − p′n∥∥<√δ + h(δ),∥∥q ′nL2(1An)q ′n − q ′n∥∥<√δ + h(δ).
With δ sufficiently small, we have that p′nL1(1An)p′n is invertible in p′nBp′n and q ′nL2(1An)q ′n is
invertible in q ′nBq ′n. Then we have
∥∥(p′nL1(1An)p′n)−1/2 − p′n∥∥< (√δ + h(δ))/√1 − (√δ + h(δ)),∥∥(p′nL1(1An)p′n)−1/2∥∥< 1/√1 − (√δ + h(δ)),
and
∥∥(q ′nL1(1An)q ′n)−1/2 − q ′n∥∥< (√δ + h(δ))/√1 − (√δ + h(δ)),∥∥(q ′nL1(1An)q ′n)−1/2 − q ′n∥∥< 1/√1 − (√δ + h(δ)).
For any n (with 1 n r), we define L′n1,L′n2 :An → B as follows:
L′n1(x) =
(
p′nL1(1An)p′n
)−1/2
p′nL1(x)p′n
(
p′nL1(1An)p′n
)−1/2
,
and
L′n2(x)=
(
q ′nL1(1An)q ′n
)−1/2
q ′nL2(x)q ′n
(
q ′nL1(1An)q ′n
)−1/2
,
for any x ∈An.
For convenience, we may assume that G is in the unit ball of A. Then we have
L′ni ≈σ(δ) Li, i = 1,2,
on Gn, where
σ(δ)=
{(√
δ + h(δ))/√1 − (√δ + h(δ))}{1/√1 − (√δ + h(δ))+ 1}+ 2(√δ + h(δ)+ δ),
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n=1 An → B as follows:
L′1(x)=
r∑
n=1
L′n1(xn), L′2(x)=
r∑
n=1
L′n2(xn),
for any x =⊕rn=1 xn ∈A. Then
L′1(1An)= L′n1(1An)= p′n, L′2(1An)= L′n2(1An)= q ′n,
and
L′i ≈rσ (δ) Li, i = 1,2,
on G ⊇ G˜∪ G˜2. Since L1,L2 are two unital G-δ-multiplicative contractive completely positive
linear maps, for any x, y ∈ G˜, we have∥∥L′i (xy)−L′i (x)L′i (y)∥∥ 3rσ (δ)+ δ.
Take δ sufficiently small such that 3rσ (δ)+ δ < δ1. Then L′1,L′2 are two contractive completely
positive G˜-δ1-multiplicative linear maps such that
L′i ≈δ1 Li, i = 1,2,
on G˜. Then we have
L′i#(p)= Li#(p), i = 1,2,
for any p ∈ P . Since
L1#(p)= L2#(p), for all p ∈ P,
we have
L′1#(p)= L′2#(p), for all p ∈ P.
By (I) there exists a unitary element U ∈ B such that
Ad(U) ◦L′1 ≈ε/2 L′2
on F . Since F ⊆ G˜, we have
L′i ≈δ1 Li, i = 1,2,
on F . Therefore we have
Ad(U) ◦L1 ≈ε/2+2δ1 L′2
on F . Since δ1 < δ < ε/4, we have Ad(U) ◦L1 ≈ε L2 on F . 
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and each An is a finite direct sum of unital simple C∗-algebras. Then A is K-injective.
Proof. Set C0 = C(T) ⊕ (⊕∞n=2(C(T) ⊗ C0(Xn))) and C = C(T) ⊕ (⊕∞n=2(C(T) ⊗ C(Xn))).
We will prove that for any projection p ∈ A the canonical map from K0((p ⊗ 1M(C0))(A ⊗
C0)(p⊗ 1M(C0)))=K0(pAp⊗ C0)) to K0(A⊗ C0) is injective. Let π : C(Xn)→ C be the value
map at the base point of Xn. We have the split exact sequence:
0 −→ B ⊗C(T)⊗C0(Xn) idB⊗C(T) ⊗i−−−−−−−→ B ⊗C(T)⊗C(Xn) idB⊗C(T) ⊗π−−−−−−−→ B ⊗C(T)−→ 0
for any unital C∗-algebra B . Then we have that K0(A⊗C(T)⊗C0(Xn))= Ker((idA⊗C(T) ⊗π)∗)
and K0(pAp⊗C(T)⊗C0(Xn)) = Ker((idpAp⊗C(T) ⊗π)∗). Therefore, it is enough to prove that
for any projection p ∈A the canonical map from K0(pAp ⊗ C)) to K0(A⊗ C) is injective.
We will prove it by three steps. Let C be a unital C∗-algebra (in particular the C∗-algebra C).
(I) Suppose that A is a unital simple C∗-algebra. We will show that for any nonzero projection
p ∈A the canonical map ι :K0((p ⊗ 1C)(A⊗C)(p ⊗ 1C))→K0(A⊗C) is injective.
Suppose that ι(x) = 0 in K0(A⊗C) for some x ∈ K0((p ⊗ 1C)(A⊗C)(p ⊗ 1C)). We need
to show that x = 0 in K0((p⊗ 1C)(A⊗C)(p⊗ 1C)). Without loss of generality we may assume
that x = [r] − [s], where r, s ∈ Mk((p ⊗ 1C)(A ⊗ C)(p ⊗ 1C)). Since ι(x) = 0, there exists an
integer m such that
diag(r,1A⊗C, . . . ,1A⊗C)∼ diag(s,1A⊗C, . . . ,1A⊗C)
in Mk+m(A⊗C), where 1A⊗C repeats m times.
Since A is a unital simple C∗-algebra, there exist an integer n and elements xi ∈A (1 i  n)
such that 1A =∑ni=1 xi∗pxi, and so 1A  diag(p,p, . . . ,p), where p repeats n times. Then we
have
1A⊗C  diag(p ⊗ 1C,p ⊗ 1C, . . . ,p ⊗ 1C),
where p ⊗ 1C repeats n times. Since
diag(r,1A⊗C, . . . ,1A⊗C)∼ diag(s,1A⊗C, . . . ,1A⊗C)
in Mk+m(A⊗C), where 1A⊗C repeats m times, we have
diag(r,p ⊗ 1C, . . . ,p ⊗ 1C)∼ diag(s,p ⊗ 1C, . . . ,p ⊗ 1C)
in Mk+mn(A⊗C), where p ⊗ 1C repeats mn times. Since
diag(r,p ⊗ 1C, . . . ,p ⊗ 1C) ∈Mk+mn
(
(p ⊗ 1C)(A⊗C)(p ⊗ 1C)
)
and
diag(s,p ⊗ 1C, . . . ,p ⊗ 1C) ∈Mk+mn
(
(p ⊗ 1C)(A⊗C)(p ⊗ 1C)
)
,
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diag(r,p ⊗ 1C, . . . ,p ⊗ 1C)∼ diag(s,p ⊗ 1C, . . . ,p ⊗ 1C)
in Mk+mn((p ⊗ 1C)(A⊗C)(p ⊗ 1C)). So [r] − [s] = 0 in K0((p ⊗ 1C)(A⊗C)(p ⊗ 1C)), i.e.,
x = 0 in K0((p ⊗ 1C)(A⊗C)(p ⊗ 1C)).
(II) Suppose that A =⊕rn=1 An where each An is a unital simple C∗-algebra. We will show
that for any nonzero projection p ∈A the canonical map ι from K0((p ⊗ 1C)(A⊗C)(p ⊗ 1C))
to K0(A⊗C) is injective.
Since p ∈ A =⊕rn=1 An, we have p =⊕rn=1 pn, where each pn ∈ An is a projection. Then
the following diagram
K0((p ⊗ 1C)(A⊗C)(p ⊗ 1C))
ι
⊕r
n=1 K0((pn ⊗ 1C)(An ⊗C)(pn ⊗ 1C))⊕r
n=1 ιn
K0(A⊗C) ⊕rn=1 K0(An ⊗C)
commutes, where all the maps are canonical. By (I), for each n, the canonical map
ιn : K0((pn ⊗ 1C)(An ⊗ C)(pn ⊗ 1C)) → K0(An ⊗ C) is injective, so the canonical map ι
from K0((p ⊗ 1C)(A⊗C)(p ⊗ 1C)) to K0(A⊗C) is injective.
(III) Suppose that A =⋃∞n=1 An, where An ⊆ An+1, and each An is a finite direct sum of
unital simple C∗-algebras. We will show that for any nonzero projection p ∈ A the canonical
map ι :K0((p ⊗ 1C)A⊗C(p ⊗ 1C)) →K0(A⊗C) is injective.
Let ε be a positive number such that ε < 1/7. Since A =⋃∞n=1 An and p ∈ A is a projection,
for convenience we may assume that for any integer n, there exists a projection pn ∈ An such
that
‖pn − p‖< ε.
Then there exists a unitary element un ∈A such that
u∗npnun = p and ‖un − 1‖< 2ε.
Suppose that ι(x)= 0, where x ∈K0((p⊗1C)(A⊗C)(p⊗1C)), we need to show that x = 0
in K0((p ⊗ 1C)(A ⊗ C)(p ⊗ 1C)). We assume that x = [r] − [s], where r, s ∈ Mk((p ⊗ 1C)×
(A⊗C)(p ⊗ 1C)) for some integer k. Since A=⋃∞n=1 An, we have
A⊗C =
∞⋃
n=1
(An ⊗C).
Then there exist a large integer n and projections rn, sn ∈ Mk((pn ⊗ 1C)(An ⊗ C)(pn ⊗ 1C))
such that
‖rn − r‖ < 3ε and ‖sn − s‖ < 3ε,
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[r] = [rn] and [s] = [sn]
in K0(A⊗C).
Let ιn be the canonical map from K0((pn ⊗ 1C)(An ⊗C)(pn ⊗ 1C)) to K0(An ⊗C), and let
γn be the canonical map from K0(An ⊗C) to K0(A⊗C), then
γn ◦ ιn
([rn] − [sn])= ι([r] − [s])= 0.
By Theorem 6.3.2 in [50] we may assume that ιn([rn] − [sn]) = 0 in K0(An ⊗ C). By (II) the
canonical map ιn is injective, so we have
[rn] − [sn] = 0
in K0((pn ⊗ 1C)(An ⊗C)(pn ⊗ 1C)), i.e., there exists an integer m such that
diag(rn,pn ⊗ 1C, . . . ,pn ⊗ 1C)∼ diag(sn,pn ⊗ 1C, . . . ,pn ⊗ 1C)
in Mk+m((pn ⊗ 1C)(An ⊗C)(pn ⊗ 1C)), where pn ⊗ 1C repeats m times.
Set (un ⊗ 1C)k = diag(un ⊗ 1C, . . . , un ⊗ 1C), (pn ⊗ 1C)k = diag(pn ⊗ 1C, . . . ,pn ⊗ 1C),
where un ⊗ 1C and pn ⊗ 1C repeat k times respectively. Then∥∥(un ⊗ 1C)∗krn(un ⊗ 1C)k − r∥∥< 7ε,∥∥(un ⊗ 1C)∗ksn(un ⊗ 1C)k − s∥∥< 7ε.
So we have [
(un ⊗ 1C)∗krn(un ⊗ 1C)k
]= [r],[
(un ⊗ 1C)∗ksn(un ⊗ 1C)k
]= [s],
in K0((p ⊗ 1C)(A⊗C)(p ⊗ 1C)). Since
diag(rn,pn ⊗ 1C, . . . pn ⊗ 1C)∼ diag(sn,pn ⊗ 1C, . . . pn ⊗ 1C)
in Mk+m((pn ⊗ 1C)(An ⊗C)(pn ⊗ 1C)), we have
diag
(
(un ⊗ 1C)∗krn(un ⊗ 1C)k, (un ⊗ 1C)∗(pn ⊗ 1C)(un ⊗ 1C), . . . ,
(un ⊗ 1C)∗(pn ⊗ 1C)(un ⊗ 1C)
)
∼ diag((un ⊗ 1C)∗ksn(un ⊗ 1C)k, (un ⊗ 1C)∗(pn ⊗ 1C)(un ⊗ 1C), . . . ,
(un ⊗ 1C)∗(pn ⊗ 1C)(un ⊗ 1C)
)
in Mk+m(A ⊗ C). Since both the projections above are in Mk+m((p ⊗ 1C)(A ⊗ C)(p ⊗ 1C)),
we have [
(un ⊗ 1C)∗krn(un ⊗ 1C)k
]= [(un ⊗ 1C)∗ksn(un ⊗ 1C)k],
in K0((p⊗1C)(A⊗C)(p⊗1C)), and so x = [r]−[s] = 0 in K0((p⊗1C)(A⊗C)(p⊗1C)). 
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cancellation property, and K0(An) is weakly unperforated (in particular if An is a finite direct
sum of unital amenable separable simple C∗-algebras with tracial rank zero). Then for any
projection p ∈A, (K0(pAp),K0(pAp)+) is a weakly unperforated ordered group.
Proof. By Theorem 3.2(2), we only have to show that (K0(A),K0(A)+) is a weakly unperfo-
rated ordered group.
For any x ∈K0(A) and integer k such that kx > 0, we will show that x  0.
Without loss of generality we may assume that x = [r] − [s], where r, s ∈ Ml(A). Since
A =⋃∞n=1 An, there exist a sufficiently large integer n1 and projections rn1 , sn1 ∈ Ml(An1) such
that [r] = [rn1 ], [s] = [sn1 ] in K0(A).
Since k([r]−[s]) > 0 in K0(A), we have k([rn1 ]−[sn1 ]) > 0 in K0(A). Therefore, there exists
a nonzero projection t ∈ Mj(A) such that k([rn1 ] − [sn1 ]) = [t] in K0(A). Since A =
⋃∞
n=1 An,
there exist an integer n2 (with n2 > n1), and a projection tn2 ∈ Mj(An2) such that [tn2 ] = [t] in
K0(A). We have k([rn1 ] − [sn1 ])= [tn2 ] in K0(A).
Let i = max{l, j}, we may regard r, s as projections in Mi(A), and regard rn1, sn1 and tn2 as
projections in Mi(An2).
Take
e =
⎛⎜⎜⎜⎜⎝
rn1
rn1
. . .
rn1
0
⎞⎟⎟⎟⎟⎠ , f =
⎛⎜⎜⎜⎜⎝
sn1
sn1
. . .
sn1
tn2
⎞⎟⎟⎟⎟⎠
where rn1 and sn1 repeat k times, then we have [e] = [f ] in K0(A), where e, f ∈Mi(k+1)(An2).
Since A has the cancellation property, e ∼ f in Mi(k+1)(A). Since A =⋃∞n=1 An, we have a
n3 (with n3 > n2) such that e ∼ f in Mi(k+1)(An3), and so k([rn1 ] − [sn1 ]) = [tn2 ] in K0(An3).
Since tn2 = 0 and An3 has the cancellation property, we have k([(rn1)]−[(sn1)]) > 0 in K0(An3).
Since (K0(An3),K0(An3)+) is a weakly unperforated ordered group, we have ([rn1 ]− [sn1]) > 0
in K0(An3). So ([rn1 ] − [sn1 ]) 0 in K0(A). Therefore ([r] − [s]) 0 in K0(A). 
Theorem 3.7. Let A be a unital ATAF algebra. Then for any ε > 0, and any finite subset F ⊆A,
there exists a K-triple (P,G, δ), where δ is a positive number, P is a finite subset of P(A),
and G is a finite subset of A, which satisfies that for any unital K-injective C∗-algebra B of
real rank zero and stable rank one and with K0(B) weakly unperforated (in particular if B is
a unital ATAF algebra by Theorem 3.5 and Lemma 3.6), and any two unital G-δ-multiplicative
completely positive linear maps L1,L2 :A→ B , if for any p ∈ P ,
L1#(p)= L2#(p),
then there exists a unitary element U ∈ B such that Ad(U) ◦L1 ≈ε L2 on F .
Proof. Suppose A =⋃∞n=1 An, where An ⊆ An+1, 1A = 1An , and each An is a finite direct sum
of unital amenable separable simple C∗-algebras with tracial rank zero which satisfy the UCT.
Let Jn : An → A be the canonical inclusion morphism. For ε > 0, and a finite subset F ⊆ A,
3876 X. Fang / Journal of Functional Analysis 256 (2009) 3861–3891there exist a sufficiently large number n and a finite subset F ′ ⊆ An, such that for any x ∈ F ,
x ≈ε/3 Jn(F ′), i.e., for any x ∈ F , there exists x′ ∈ F ′ such that ‖x − Jn(x′)‖< ε/3.
For ε/3 > 0, and the finite subset F ′ ⊆ An, by Lemma 3.4, there exists a K-triple
(Pn,Gn, δn), where δn is a positive number, Pn is a finite subset of P(An), and Gn is a fi-
nite subset of An, which satisfies the following condition: For any unital K-injective C∗- algebra
B of real rank zero stable rank one and with K0(B) weakly unperforated, and any two unital
Gn-δn-multiplicative contractive completely positive linear maps Hn1,Hn2 : An → B , if for any
p ∈ Pn,
Hn1#(p)=Hn2#(p),
then there exists a unitary element U ∈ B such that Ad(U) ◦ (Hn1)≈ε/3 Hn2 on F ′.
Take G= Jn(Gn),P = Jn(Pn), and δ = δn, then (P,G, δ) is a K-triple. Let B be a unital K-
injective C∗-algebra of real rank zero and stable rank one and with K0(B) weakly unperforated,
and let L1,L2 : A → B be two unital G-δ-multiplicative completely positive linear maps such
that
L1#(p)= L2#(p), for all p ∈ P.
Then L1 ◦ Jn, L2 ◦ Jn : An → B are two unital Gn-δn-multiplicative completely positive linear
maps such that
(L1 ◦ Jn)#(p)= (L2 ◦ Jn)#(p), for all p ∈ Pn.
From above we can find a unitary element U ∈ B such that Ad(U) ◦ (L1 ◦ Jn) ≈ε/3 L2 ◦ Jn
on F ′, i.e., for any x′ ∈ F ′,∥∥U∗(L1 ◦ Jn)(x′)U − (L2 ◦ Jn)(x′)∥∥< ε/3.
By the relation of F and F ′, for any x ∈ F , there exists x′ ∈ F ′ such that ‖x − Jn(x′)‖ < ε/3.
Since L1,L2 are two unital completely positive linear maps, we have∥∥L1(x)− (L1 ◦ Jn)(x′)∥∥< ε/3, ∥∥L2(x)− (L2 ◦ Jn)(x′)∥∥< ε/3.
Therefore, for any x ∈ F ,∥∥L2(x)−U∗L1(x)U∥∥ ∥∥L2(x)− (L2 ◦ Jn)(x′)∥∥+ ∥∥(L2 ◦ Jn)(x′)−U∗(L1 ◦ Jn)(x′)U∥∥
+ ∥∥U∗(L1 ◦ Jn)(x′)U −U∗L1(x)U∥∥< ε,
i.e., Ad(U) ◦L1 ≈ε L2 on F . 
4. Existence theorem for ATAF algebras
In this section, we are going to keep the notations
K(A) =K0(A)⊕K1(A)
1⊕( ∞⊕
Ki(A,Z/nZ)
)
=K∗(A)
∞⊕
K∗(A,Z/nZ).i=0 n=2 n=2
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tained by attaching the disk to the circle by a degree n  2 map, and we identify K∗(A) =
K0(A) ⊕ K1(A) with K0(A ⊗ C(T)) and identify K∗(A,Z/n) = K0(A,Z/n) ⊕ K1(A,Z/n)
with K0(A⊗C0(Xn)⊗C(T)).
Definition 4.1. Let A be a unital C∗-algebra, and let K∗(A) = K0(A) ⊕ K1(A). We de-
fine K∗(A)+ to be the collection of all the elements of the form {[p], [u ⊕ (1Mk(A) − p)]} ∈
K0(A)⊕K1(A), where p ∈Mk(A) is a projection, u ∈ pMk(A)p is a unitary element and 1Mk(A)
is the unit of Mk(A).
It is well known that if A is of real rank zero and stable rank one, or of the form⊕m
i=1 PiMni (C(Xi))Pi , where Xi are finite CW complexes, and Pi ∈ Mni (C(Xi)) are projec-
tions, then (K∗(A),K∗(A)+) is an ordered group with the order unit [1A].
Lemma 4.2. (See [28, Theorem 2.3] and [41, Lemma 5.1].) Let X be a finite CW complex, C =
QMk(C(X))Q, where Q ∈ Mk(C(X)) is a projection, and let B be a unital simple C∗-algebra
with tracial rank zero. Then for any α ∈ KK(C,B) with the induced map α∗ : K(C) → K(B)
satisfying that α∗(K0(C)+ \ {0})⊆K0(B)+ \ {0} and α∗([1C])= [qB ] for a projection qB in B ,
there is a monomorphism φ : C → B such that φ∗ = α∗ :K(C)→K(B) and φ(1C)= qB .
Lemma 4.3. Let A be a unital amenable separable simple C∗-algebra with tracial rank zero
which satisfies the UCT, and let B be a unital ATAF algebra. Then for any α ∈ KK(A,B) with
the induced map α∗ : K(A) → K(B) satisfying that α∗(K∗(A)+) ⊆ K∗(B)+ and α∗([1A]) =
[qB ] for a projection qB in B , and for any K-triple (P,G, δ), where δ is a positive number, P
is a finite subset of P(A), and G is a finite subset of A, there is a G-δ-multiplicative contractive
completely positive linear map L : A → B such that L(1A) = qB and L#(p) = α∗([p]) for any
p ∈ P .
Proof. Let B = ⋃∞m=1 Bm, where Bm ⊆ Bm+1, and each Bm is a finite direct sum of unital
separable amenable simple C∗-algebras with tracial rank zero which satisfy the UCT. Since
A is a unital amenable separable simple C∗-algebra with tracial rank zero which satisfies the
UCT, A is a unital simple AH algebra. By [18, 2.16] we may assume that A =⋃∞n=1 An, where
An ⊆An+1, and each An is isomorphic to a C∗-algebra of the form QnMkn(C(Xn))Qn with Xn
being a finite CW complex and Qn being a projection in Mkn(C(Xn)).
For the K-triple (P,G, δ), where δ is positive number, P is a finite subset of P(A), and
G is a finite subset of A, without loss of generality, we may assume that 1A ∈ P , 1A ∈ G.
Moreover we may assume that G is so large and δ is so small that ‖ϕ(p) − ϕ(p)2‖ < 1/32 for
any p ∈ P and any G-δ-multiplicative contractive completely positive linear map ϕ :A → B . Set
M = max{‖x‖ + 2: x ∈ G ∪ P }, and f : [0,1] → [0,1] be a continuous nonnegative function
such that f (x) = 0 (for x ∈ [0,1/4]) and f (x) = 1 (for x ∈ [3/4,1]). Take a positive number
ε such that ε < min(δ/8M,1) which will be determined later. Then there exist finite subsets
G1 ⊆ An and P1 ⊆ P(An) (for some sufficiently large integer n) which satisfy that for any
x ∈G and p ∈ P there exist x′ ∈G1 and p1 ∈ P1 such that
‖x − x′‖< ε, ‖p − p1‖< ε.
Then we have [p] = [p1] in K(A).
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x, y ∈ G, there exist x1, y1 ∈ G1 such that ‖x − x1‖ < ε and ‖y − y1‖ < ε. Therefore ‖xy −
x1y1‖< 2Mε. Then∥∥ϕ(xy)− ϕ(x)ϕ(y)∥∥ ∥∥ϕ(xy)− ϕ(x1y1)∥∥+ ∥∥ϕ(x1y1)− ϕ(x1)ϕ(y1)∥∥
+ ∥∥ϕ(x1)ϕ(y1)− ϕ(x)ϕ(y)∥∥
< 2Mε + δ/2 + 2Mε < δ,
and so ϕ is a G-δ-multiplicative completely positive linear map.
By discussion above we know any G1-ε-multiplicative contractive completely positive lin-
ear map ϕ : A → B is also G-δ-multiplicative, and so ‖ϕ(p) − ϕ(p)2‖ < 1/32 (for all p ∈ P ).
Moreover we may choose a large G1 and a small ε so that ‖ϕ(p1) − ϕ(p1)2‖ < 1/16 (for all
p1 ∈ P1) and ‖f (ϕ(p)) − f (ϕ(p1))‖ < 1 for any G1-ε-multiplicative contractive completely
positive linear map ϕ :A→ B . Then (G1,P1, ε) is also a K-triple, and for any p ∈ P ,
ϕ#(p)=
[
f
(
ϕ(p)
)]= [f (ϕ(p1))]= ϕ#(p1).
Let
Jn :An →A, jm : Bm → B
be the canonical inclusion morphisms, and let [Jn] ∈ KK(An,A) and [jm] ∈ KK(Bm,B) be
induced by Jn and jm respectively. Set αn = [Jn] ◦ α ∈ KK(An,B), then (αn)∗(K∗(An)+) ⊆
K∗(B)+ and (αn)∗([1An]) = [qB ]. Since An is isomorphic to QnMkn(C(Xn))Qn, where Xn
is a finite CW complex and Qn is a projection in Mkn(C(Xn)), K∗(An)+, and so K∗(An),
is finitely generated. Then we have KK(An,B) = limm→∞ KK(An,Bm), and so there is
β ∈KK(An,Bm) (for a sufficiently large m) such that
[Jn] ◦ α = αn = β ◦ [jm].
Moreover we may have β∗(K∗(An)+) ⊆ K∗(Bm)+ and β∗([1An ]) = [qBm ] for a projection qBm
in Bm.
Let An =⊕tl=1 An,l and 1An =⊕tl=1 1An,l , where each An,l is isomorphic to a C∗-algebra of
the form QlMnl (C(Xl))Ql with Xl being a connected finite CW complex and Ql = 1An,l being
a projection in Mnl (C(Xl)), and let Bm =
⊕s
k=1 Bm,k and qBm =
⊕s
k=1 qk for some projections
qk ∈ Bm,l , where each Bm,k is a unital separable amenable simple C∗-algebras with tracial rank
zero which satisfy the UCT.
Since
KK(An,Bm)∼=
s⊕
k=1
KK(An,Bm,k),
we denote by γ the isomorphism from
⊕s
k=1 KK(An,Bm,k) onto KK(An,Bm). Since
β ∈ KK(An,Bm), there exist βk ∈ KK(An,Bm,k) (k = 1,2, . . . , s) such that γ (β1 ⊕ β2 ⊕ · · ·
⊕ βs)= β . Let
ik : Bm,k → Bm, πk : Bm → Bm,k
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by [ik] the element in KK(Bm,k,Bm) induced by ik , and by [πk] the element in KK(Bm,Bm,k)
induced by πk . Then by definition, we have
βk = β ◦ [πk], (βk)∗
(
K∗(An)+
)⊆K∗(Bm,k)+, (βk)∗([1An ])= [qk],
and
β = γ (β1 ⊕ β2 ⊕ · · · ⊕ βs)= β1 ◦ [i1] + β2 ◦ [i2] + · · · + βs ◦ [is].
Since
KK(An,Bm,k)=KK
(
t⊕
l=1
An,l,Bm,k
)
∼=
t⊕
l=1
KK(An,l,Bm,k),
we denote this isomorphism by
τk :
t⊕
l=1
KK(An,l,Bm,k)→KK(An,Bm,k).
Then for any βk ∈ KK(An,Bm,k) there exist βlk ∈ KK(An,l,Bm,k) (1  l  t) such that
τk(β1k ⊕ β2k ⊕ · · · ⊕ βtk)= βk . Let
i′l :An,l →An, π ′l :An →An,l
be the canonical inclusion morphism and the canonical projection morphism respectively. Denote
by [i′l ] the element in KK(An,l,An) induced by i′l , and by [π ′l ] the element in KK(An,An,l)
induced by π ′l . Then
βlk = [i′l ] ◦ βk, and
βk = τk(β1k ⊕ β2k ⊕ · · · ⊕ βtk)=
[
π ′1
] ◦ β1k + [π ′2] ◦ β2k + · · · + [π ′r] ◦ βtk.
Then for each βlk ∈ KK(An,l,Bm,k) above, (βlk)∗ : K(An,l) → K(Bm,k) satisfies that
(βlk)∗(K∗(An,l)+) ⊆ K∗(Bm,k)+ and (βlk)∗([1An,l ]) = [qlk], where qlk (1  l  t) are the pro-
jections in Bm,k such that ∑tl=1[qlk] = [qk].
We claim that for the above βlk ∈KK(An,l,Bm,k), there exists a homomorphism
φlk :An,l → Bm,k
such that (φlk)∗ = (βlk)∗ on K(An,l), and φlk(1A )= qlk .n,l
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Since (βk)∗(K∗(An,l)+) ⊆ K∗(Bm,k)+ and (βk)∗([1An,l ]) = [qlk], we have (βk)∗ = 0 on
K∗(An,l). Since the following diagrams
K0(An,l)
(βlk)∗
ρ
(0)
n
K0(An,l,Z/nZ)
(βlk)∗
β
(0)
n
K1(An,l)
(βlk)∗
K0(Bn,k)
ρ
(0)
n
K0(Bn,k,Z/nZ)
β
(0)
n
K1(Bn,k)
and
K1(An,l)
(βlk)∗
ρ
(0)
n
K1(An,l,Z/nZ)
(βlk)∗
β
(0)
n
K0(An,l)
(βlk)∗
K1(Bn,k)
ρ
(0)
n
K1(Bn,k,Z/nZ)
β
(0)
n
K0(Bn,k)
commute (see [36, 5.8.10]), we have (βlk)∗ = 0 on K(An,l). Then we let φlk = 0, and this com-
pletes the proof of the claim in this case.
Case (II): qlk = 0.
Let p ∈ Proj(An,l) \ {0}. By definition An,l is isomorphic to a C∗-algebra of the form
QlMnl (C(Xl))Ql with Xl being a connected finite CW complex and Ql being a projection
in Mnl (C(Xl)), and so there is an integer M such that [Ql] = [1An,l ]  M[p] in K0(An,l).
Then 0 = [qlk] = (βlk)∗([1An,l ])  M(βlk)∗([p]), and so (βlk)∗([p]) ∈ K0(Bm,k)+ \ {0}. By
Lemma 4.2, there exists a monomorphism
φlk :An,l → Bm,k
such that (φlk)∗ = (βlk)∗ on K(An,l), and φlk(1An,l ) = qlk , and this completes the proof of the
claim.
Let
Ik : Bm,k ⊕Bm,k ⊕ · · · ⊕Bm,k → Bm,k ⊗ K,
where Bm,k repeats t times, be the canonical inclusion morphism, and for each k, set
ψk = Ik ◦
t⊕
l=1
(
φlk ◦ π ′l
) :An → Bm,k ⊗ K,
then ψk :An → Bm,k ⊗ K is a homomorphism and ψk(1An) is a projection in Bm,k ⊗ K.
For any p ∈ P(An),
(
ψk
)
∗
([p])= (Ik ◦ t⊕(φlk ◦ π ′l )
) ([p])
l=1 ∗
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(
t⊕
l=1
(φlk)∗
([
π ′l (p)
]))= (Ik)∗
(
t⊕
l=1
(βlk)∗
([
π ′l (p)
]))
= (β1k)∗
([
π ′1(p)
])+ (β2k)∗([π ′2(p)])+ · · · + (βtk)∗([π ′t (p)])= (βk)∗([p]),
where we identify K(Bm,k) with K(Bm,k ⊗ K), i.e., (ψk)∗ = (βk)∗ on K(An).
Set
ψ =
s∑
k=1
(ik ⊗ idK) ◦ψk,
then ψ is a homomorphism from An to Bm ⊗ K. For any p ∈ P(An), we have
ψ∗
([p])= ( s∑
k=1
(ik ⊗ idK) ◦ψk
)
∗
([p])
=
s∑
k=1
(ik ⊗ idK)∗
(
(ψk)∗
([p]))= s∑
k=1
(ik ⊗ idK)∗
(
(βk)∗
([p]))
= ([i1] ◦ β1 + [i2] ◦ β2 + · · · + [is] ◦ βs)∗([p])= β∗([p]),
i.e., ψ∗ = β∗ on K(An).
Set Q=ψ(1An). Since ψ∗(1An)= β∗([1An ])= [qBm ], [Q] = [qBm ] in K0(Bm). Since Bm has
the cancellation property, there exists v ∈ Bm ⊗ K such that v∗v = qBm, vv∗ = Q. Replacing ψ
with v∗ψv, we may assume that ψ is a homomorphism from An to Bm such that ψ∗ = β∗ on
K(An), and ψ(1An)= qBm . Since [jm(qBm)] = [qB ], there exists u ∈ B such that u∗u= jm(qBm),
uu∗ = qB . Set φ = u(jm ◦ψ)u∗, then φ is a homomorphism from An to B such that
φ∗ = (αn)∗ on K(An), and φ(1An)= qB.
Since qBBqB is amenable and An is a subalgebra of A , for the K-triple (G1,P1, ε) above,
we have a G1-ε-multiplicative contractive completely positive linear map L : A → B such that
L(1A) = qB , and L#(p1) = φ∗([p1]) (for all p1 ∈ P1). Then, by the discussion in the beginning,
L :A→ B is a G-δ-multiplicative contractive completely positive linear map, and for any p ∈ P ,
there exists p1 ∈ P1 such that ‖p−p1‖< ε < 1 and L#(p)= L#(p1). Therefore, for any p ∈ P ,
L#(p)= L#(p1)= φ∗
([p1])= (αn)∗([p1])= α∗([Jn(p1)])= α∗([p1])= α∗([p]). 
Lemma 4.4. Let A = ⊕rn=1 An, where each An is a unital amenable separable simple C∗-
algebra with tracial rank zero which satisfies the UCT, and let B be a unital ATAF algebra. Then
for any α ∈KK(A,B) with the induced map α∗ :K(A)→K(B) satisfying that α∗(K∗(A)+)⊆
K∗(B)+ and α∗([1A]) = [1B ], and for any K-triple (P,G, δ), where δ is a positive number,
P is a finite subset of P(A), and G is a finite subset of A, there is a unital G-δ-multiplicative
completely positive linear map L :A→ B such that L#(p)= α∗([p]) for any p ∈ P .
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KK(A,B) =KK
(
r⊕
n=1
An,B
)
∼=
r⊕
n=1
KK(An,B),
we may denote this isomorphism by
τ :
r⊕
n=1
KK(An,B)→KK(A,B).
Then for any α ∈ KK(A,B) there exist αn ∈ KK(An,B) (1  n  r) such that τ(α1 ⊕ α2 ⊕
· · · ⊕ αr)= α. Let
in :An →A, πn :A →An
be the canonical inclusion morphism and the canonical projection morphism respectively. Denote
by [in] the element in KK(An,A) induced by in, and by [πn] the element in KK(A,An) induced
by πn. Then
αn = α ◦ [in], and
α = τ(α1 ⊕ α2 ⊕ · · · ⊕ αr)= α1 ◦ [π1] + α2 ◦ [π2] + · · · + αr ◦ [πr ].
Then for each αn ∈ KK(An,B) above, (αn)∗ : K(An) → K(B) satisfies that α∗(K∗(A)+) ⊆
K∗(B)+ and (αn)∗([1An ]) = [pn], where pn (1  n  r) are the projections in B such that∑r
n=1[pn] = [1B ].
For the K-triple (P,G, δ), where δ is positive number, P is a finite subset of P(A), and G
is a finite subset of A, without loss of generality, we may assume that 1A ∈ P and 1A ∈ G.
Then 1An ∈ πn(G) ⊆ An, 1An ∈ πn(P ) ⊆ P(An), and (πn(P ),πn(G), δ) is also a K-triple. For
the K-triple (πn(P ),πn(G), δ), by Lemma 4.3, there exists a contractive completely positive
πn(G)-δ-multiplicative linear map
φn :An → B
such that for any p ∈ P , φn#(πn(p))= (αn)∗([πn(p)]) in K(B), and φn(1An)= pn.
Let
I : B ⊕B ⊕ · · · ⊕B → B ⊗ K,
where B repeats r times, be the canonical inclusion morphism, and set
ϕ = I ◦
r⊕
n=1
(φn ◦ πn),
then ϕ(1A) is a projection, and ϕ : A → B ⊗ K is a contractive completely positive G-δ-
multiplicative linear map.
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ϕ#(p)=
(
I ◦
r⊕
n=1
(φn ◦ πn)
)
#
(p)
= (I )∗
(
r⊕
n=1
(
φn#
(
πn(p)
)))= (I )∗
(
r⊕
n=1
(αn)∗
([
πn(p)
]))
= (α1)∗
([
π1(p)
])+ (α2)∗([π2(p)])+ · · · + (αr)∗(πr(p))= α∗([p]),
where we identify K(B) with K(B ⊗ K).
Set Q = ϕ(1A). Since ϕ#(1A) = α∗([1A]) = [1B ], [Q] = [1B ] in K0(B). Since B has the
cancellation property, there exists v ∈ B ⊗ K such that v∗v = 1B and vv∗ = Q. Set L = v∗ϕv,
then L(1A)= 1B , and L is contractive completely positive G-δ′-multiplicative linear map, where
δ′ is a positive number depending on δ such that δ′ → 0 when δ → 0. Then without loss of
generality we may assume that L is G-δ-multiplicative, and this completes the proof. 
Theorem 4.5. Let A and B be unital ATAF algebras. Then for any α ∈ KK(A,B) with the
induced map α∗ : K(A) → K(B) satisfying that α∗(K∗(A)+) ⊆ K∗(B)+ and α∗([1A]) = [1B ],
and for any K-triple (P,G, δ), where δ is a positive number, P is a finite subset of P(A), and
G is a finite subset of A, there is a unital G-δ-multiplicative completely positive linear map
L :A→ B such that L#(p)= α∗([p]) for any p ∈ P .
Proof. First we may assume that G is so large and δ is so small that ‖ϕ(p) − ϕ(p)2‖ < 1/32
for any p ∈ P and any G-δ-multiplicative contractive completely positive linear map ϕ :A→ B .
Set M = max{‖x‖+2: x ∈G∪P }, and f : [0,1] → [0,1] be a continuous nonnegative function
such that f (x) = 0 (for x ∈ [0,1/4]) and f (x) = 1 (for x ∈ [3/4,1]). Suppose A =⋃∞n=1 An,
where An ⊆ An+1, 1A = 1An , and each An is a finite direct sum of unital amenable separable
simple C∗-algebras with tracial rank zero which satisfy the UCT. Take a positive number ε such
that ε < min(δ/8M,1) which will be determined later. Then there exist finite subsets G1 ⊆ An
and P1 ⊆ P(An) (for some sufficiently large integer n) which satisfy that for any x ∈ G and
p ∈ P there exist x′ ∈G1 and p1 ∈ P1 such that
‖x − x′‖< ε, ‖p − p1‖< ε.
Then we have [p] = [p1] in K(A).
Let ϕ : A → B be a G1-δ/2-multiplicative completely positive linear map. Since for any
x, y ∈ G, there exist x1, y1 ∈ G1 such that ‖x − x1‖ < ε and ‖y − y1‖ < ε. Therefore
‖xy − x1y1‖< 2Mε. Then∥∥ϕ(xy)− ϕ(x)ϕ(y)∥∥ ∥∥ϕ(xy)− ϕ(x1y1)∥∥+ ∥∥ϕ(x1y1)− ϕ(x1)ϕ(y1)∥∥
+ ∥∥ϕ(x1)ϕ(y1)− ϕ(x)ϕ(y)∥∥
< 2Mε + δ/2 + 2Mε < δ,
and so ϕ is a G-δ-multiplicative completely positive linear map.
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ear map ϕ : A → B is also G-δ-multiplicative, and so ‖ϕ(p) − ϕ(p)2‖ < 1/32 (for all p ∈ P ).
Moreover we may choose a large G1 and a small ε so that ‖ϕ(p1) − ϕ(p1)2‖ < 1/16 (for all
p1 ∈ P1) and ‖f (ϕ(p)) − f (ϕ(p1))‖ < 1 for any G1-ε-multiplicative contractive completely
positive linear map ϕ :A→ B . Then (G1,P1, ε) is also a K-triple, and for any p ∈ P
ϕ#(p)=
[
f
(
ϕ(p)
)]= [f (ϕ(p1))]= ϕ#(p1).
Let Jn : An → A be the canonical inclusion morphism, and denote by [Jn] the element in
KK(An,A) induced by Jn, then α ◦ [Jn] ∈KK(An,B). Furthermore, the induced map α∗ ◦Jn∗ :
K(An) → K(B) is order preserving, and (α∗ ◦ Jn∗)([1An ]) = [1B ]. For α ◦ [Jn] and K-triple
(P1,G1, ε), by Lemma 4.4, there exists a unital G1-ε-multiplicative completely positive linear
map φ :An → B such that for any p1 ∈ P1, φ#(p1)= (α∗ ◦ Jn∗)([p1]).
Since A is amenable C∗-algebra, there exists a unital completely positive linear map
L :A→ B
such that L#(p1) = φ#(p1) (for all p1 ∈ P1), and L is G1-ε-multiplicative. By discussion above
L : A → B is a unital G-δ-multiplicative completely positive linear map. Furthermore, for any
p ∈ P(A),
L#(p)= L#(p1)= φ#(p1)= (α∗ ◦ Jn∗)
([p1])= α∗([p1])= α∗([p]). 
5. Classification theorem and the range of the invariant for ATAF algebras
Theorem 5.1. Let A and B be two unital ATAF algebras. If(
K∗(A),K∗(A)+, [1A]
)∼= (K∗(B),K∗(B)+, [1B ]),
then A ∼= B . Moreover the isomorphism between the invariances could be induced by the iso-
morphism between the algebras.
Proof. Since (K∗(A),K∗(A)+, [1A]) ∼= (K∗(B),K∗(B)+, [1B ]) and both A and B satisfy the
UCT, by the Theorem 2.4.6 in [51], there exist α ∈KK(A,B), β ∈KK(B,A) such that α ◦β =
[idA], β ◦ α = [idB ], and α∗, β∗ realize the isomorphisms above in both directions.
Let {Fn} and {Fn′} be two increasing sequences of finite subsets of the unit ball of A and B
respectively such that
⋃∞
n=1 Fn and
⋃∞
n=1 F ′n are two dense subsets of the unit ball of A and B
respectively. Let {Pn} and {Pn′} be two increasing sequences of finite subsets of P(A) and P(B)
respectively such that
⋃∞
n=1{[p] : p ∈ Pn} and
⋃∞
n=1{[p] : p ∈ Pn′} generate K(A) and K(B)
respectively. Let {εn} be a decreasing sequence of positive numbers such that ∑∞n=1 εn <∞.
Set C = C(T)⊕ (⊕∞n=2(C(T)⊗C(Xn))), where Xn is the Moore space obtained by attaching
the disk to the circle by a degree n 2 map. For any completely positive contractive linear map
φ from a C∗-algebra D1 to a C∗-algebra D2, set
φ∞ = φ ⊗ idC⊗K :D1 ⊗ C ⊗ K →D2 ⊗ C ⊗ K.
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the spectrum of φ∞(p) is a subset of [0,
√
δ] ∪ [1 − √δ,1] for any p ∈ P . We define the map
φ∼ : P ⊆ P(D1)→ P(D2), by φ∼(p)= χ[1/2,1]
(
φ∞(p)
)
(for all p ∈ P),
then
φ#(p)=
[
φ∼(p)
]
and
∥∥φ∼(p)− φ∞(p)∥∥<√δ.
By [36, Lemma 2.5.11] there exists ε0 < 18 such that for any C∗-algebra E and a, b ∈ E+
with the spectra in [0,1/4] ∪ [3/4,1], if ‖a − b‖< ε0, then ‖χ[1/2,1](a)− χ[1/2,1](b)‖ < 1.
For ε = ε1 and F = F1, we have a K-triple (P1,G1, δ1) given by Theorem 3.7, where δ1 > 0,
P1 is a finite subset of P(A), and G1 is a finite subset of A. Moreover we may assume that
δ1 < ε1, F1 ⊆ G1, P1 ⊆ P1, and for any contractive completely positive G1-δ1-multiplicative
linear map ϕ : A → D with D being a C∗-algebra, the map ϕ∞ : A ⊗ C ⊗ K → D ⊗ C ⊗ K is
P1-ε
2
0-multiplicative.
For α ∈ KK(A,B) and K-triple (P1,G1, δ1/2), by Theorem 4.5 there is a G1-δ1/2-
multiplicative unital completely positive linear map L1 : A → B such that for any p ∈ P1,
L1#(p) = α∗([p]). Then L1∞ : A ⊗ C ⊗ K → B ⊗ C ⊗ K is P1-ε20-multiplicative, therefore
‖L1∼(p)−L1∞(p)‖<
√
ε20 = ε0 (for all p ∈ P1).
For ε = ε1 and F = F ′1 ∪ L1(G1), we have a K-triple (P ′1,G′1, η1) given by Theorem 3.7,
where η1 > 0, P ′1 is a finite subset of P(B), and G′1 is a finite subset of B . Moreover we may
assume that P1′ ∪L1∼(P1)⊆ P ′1, η1 < δ1, F ′1 ∪L1(G1)⊆G′1, and for any contractive completely
positive G′1-η1-multiplicative linear map ϕ′ : B → D with D being a C∗-algebra, the map ϕ′∞ :
B ⊗ C ⊗ K →D ⊗ C ⊗ K is P ′1-ε20-multiplicative.
For β ∈ KK(B,A) and K-triple (P ′1,G′1, η1/2), by Theorem 4.5 there is a G′1-η1/2-
multiplicative unital completely positive linear map λ′1 : B → A such that for any p ∈ P ′1,
λ′1#(p) = β∗([p]). Similarly we have that the map λ′1∞ : B ⊗ C ⊗ K → A ⊗ C ⊗ K is P ′1-ε20-
multiplicative, and ‖λ′1∼(p)− λ′1∞(p)‖<
√
ε20 = ε0 (for all p ∈ P ′1).
Since L1(G1) ⊆ G′1, λ′1 ◦ L1 : A → A is a unital completely positive G1-δ1-multiplicative
linear map. In fact for any x, y ∈G1,
λ′1 ◦L1(xy)=δ1/2 λ′1
(
L1(x)L1(y)
)=η1/2 λ′1 ◦L1(x)λ′1 ◦L1(y).
Therefore (λ′1 ◦ L1)∞ is P1-ε20-multiplicative, and so for any p ∈ P1, the spectrum of (λ′1 ◦
L1)∞(p) is in [0,1/8] ∪ [7/8,1] by ε0 < 18 .
In addition, since ‖L1∼(p)−L1∞(p)‖ < ε0 (for all p ∈ P1),
∥∥λ′1∞ ◦L1∼(p)− (λ′1 ◦L1)∞(p)∥∥= ∥∥λ′1∞ ◦L1∼(p)− λ′1∞ ◦L1∞(p)∥∥
< ε0 <
1
8
(for all p ∈ P1).
Then for any p ∈ P1, the spectrum of λ′ ◦L1∼(p) is in [0,1/4] ∪ [3/4,1], and1∞
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= ∥∥χ[1/2,1](λ′1∞ ◦L1∼(p))− χ[1/2,1]((λ′1 ◦L1)∞(p))∥∥< 1.
Therefore,(
λ′1 ◦L1
)
#(p)=
[(
λ′1 ◦L1
)
∼(p)
]= [χ[1/2,1](λ′1∞ ◦L1∼(p))]= λ′1#(L1∼(p)).
On the other hand, since L1∼(P1)⊆ P ′1, for any p ∈ P1,
λ′1#
(
L1∼(p)
)= β∗([L1∼(p)])= β∗(L1#(p))= β∗α∗([p])= idA#(p).
Therefore, (λ′1 ◦L1)#(p)= idA#(p) for any p ∈ P1.
By Theorem 3.7 there exists a unitary element u1 ∈ A such that idA ≈ε1 Ad(u1) ◦ (λ′1 ◦ L1)
on F1. Set λ1 = Ad(u1)◦λ′1, then idA ≈ε1 λ1 ◦L1 on F1. Moreover we still have that λ1 : B →A
is a G′1-η1/2-multiplicative unital completely positive linear map such that λ1#(p)= β∗([p]) for
any p ∈ P ′1. Therefore the map λ1∞ : B ⊗ C ⊗ K → A ⊗ C ⊗ K is P ′1-ε20-multiplicative, and
‖λ1∼(p)− λ1∞(p)‖ <
√
ε20 = ε0 (for all p ∈ P ′1).
For ε = ε2 and F = F2, we have a K-triple (P2,G2, δ2) given by Theorem 3.7, where δ2 > 0,
P2 is a finite subset of P(A), and G2 is a finite subset of A. Moreover we may assume that
P2 ∪ λ1∼(P ′1) ⊆ P2, δ2 < min{η1, ε2}, F2 ∪ λ1(G′1) ⊆ G2, and for any contractive completely
positive G2-δ2-multiplicative linear map ϕ : A → D with D being a C∗-algebra, the map
ϕ∞ : A ⊗ C ⊗ K → D ⊗ C ⊗ K is P2-ε20-multiplicative. For α ∈ KK(A,B) and K-triple
(P2,G2, δ2/2), by Theorem 4.5, there is a unital completely positive G2-δ2/2-multiplicative
linear map L′2 : A → B such that for any p ∈ P2, L′2#(p) = α∗([p]). Similarly we have
that L′2 ◦ λ1 : B → B is a unital completely positive G′1-η1-multiplicative linear map, and
(L′2 ◦ λ1)#(p) = idB#(p) for any p ∈ P ′1. By Theorem 3.7 there exists a unitary element v2 ∈ B ,
such that idB ≈δ1/2 Ad(v2) ◦ (L′2 ◦λ1) on F ′1. Set L2 = Ad(v2) ◦L′2, then idB ≈ε1 L2 ◦λ1 on F ′1.
Moreover we still have that L2 : A → B is a unital completely positive G2-δ2/2-multiplicative
linear map such that L2#(p) = α∗([p]) for any p ∈ P2, and L2∞ is P2-ε20-multiplicative with‖L2∼(p)−L2∞(p)‖< ε0 (for all p ∈ P2).
Therefore, we obtain the following diagram
A
id−→ A
L1 ↓ λ1↗ ↓ L2
B
id−→ B,
where the upper triangle is F1-ε1-commutative and the lower triangle is F ′1-ε1-commutative.
Continuing in this fashion, we obtain the following approximately intertwining diagram
A
id−→ A id−→ A −→ · · · −→ A
L1 ↓ λ1↗ ↓ L2 ↗ λ2
B
id−→ B id−→ B −→ · · · −→ B,
where the upper triangle is Fn-εn-commutative and the lower triangle is F ′ -εn-commutative.n
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there exist isomorphisms h1 : A → B and h2 : B → A, such that h−12 = h1. Moreover since⋃∞
m=1{[p]: p ∈ Pn} and
⋃∞
m=1{[p]: p ∈ Pn′} generate K(A) and K(B) respectively, we have
that h1∗ = α∗. 
Lemma 5.2. Let A = ⋃∞n=1 An, where An ⊆ An+1, be a unital C∗-algebra, and let in,m:
An →Am and in :An →A be two canonical inclusion maps.
(1) K∗(A)=⋃∞n=1(in)∗(K∗(An)), and K∗(A)+ =⋃∞n=1(in)∗(K∗(An)+);
(2) Ker((in)∗)=⋃∞m=1 Ker((in,m)∗).
Proof. It is known that K∗(A) =⋃∞n=1(in)∗(K∗(An)) and Ker((in)∗) =⋃∞m=1 Ker((in,m)∗). It
is also easy to see that (in)∗(K∗(An)+)⊆K∗(A)+.
Let x = ([p], [u ⊕ 1A − p]) ∈ K∗(A)+, where p ∈ A is a projection and u ∈ pAp is a uni-
tary element, and let 0 < ε < 1. We have a sufficiently large n, a projection pn ∈ An, and
an element vn ∈ pnAnpn such that ‖p − pn‖ < ε, ‖vnv∗n − pn‖ < ε, ‖v∗nvn − pn‖ < ε, and
‖u − vn‖ < ε. Then |vn| is invertible, and let vn = un|vn| be the polar decomposition. By the
standard discussion, without loss of generality, we may assume that un ∈ pnAnpn is a unitary
element with ‖u − un‖ < ε. Then [p] = [pn] in K0(A), [u ⊕ 1A − p] = [un ⊕ 1An − pn] in
K1(A). Moreover set xn = ([pn], [un ⊕ 1An − pn]), then xn ∈ K∗(An)+ with (in)∗(xn) = x.
Since Mk(A) =⋃∞n=1 Mk(An) for any integer k, we have completed the proof. 
Definition 5.3. An ordered group (G,G+) is called weakly unperforated with torsion if the
torsion-free ordered group G/Gtor, where Gtor is the torsion subgroup of G, is unperforated, and
G has the following property: If g ∈G+, t ∈Gtor, and ng +mt ∈G+ with n,m ∈ Z, and n 1,
then t = t ′ + t ′′ with t ′, t ′′ ∈Gtor, mt ′ = 0, and g + t ′′ ∈G+.
An ordered group (G,G+) is called to have the Riesz interpolation property if for any
x1, x2, y1, y2 ∈ G such that xi  yj for i, j ∈ {1,2}, then there is a z ∈ G such that xi  z  yj
for i, j ∈ {1,2}.
It is clear that if (G,G+) is weakly unperforated (see Definition 2.3), then it is weakly unper-
forated with torsion; and if (G,G+) is simple, then it is weakly unperforated with torsion if and
only if it is weakly unperforated.
Theorem 5.4. Let A be an ATAF algebra. Then (K∗(A),K∗(A)+) is weakly unperforated with
torsion, and has the Riesz interpolation property.
Proof. Let A = ⋃∞n=1 An, where An ⊆ An+1, An = ⊕mnj=1 Anj , and each Anj is a uni-
tal amenable separable simple C∗-algebra with tracial rank zero which satisfies the UCT.
Since A has stable rank one and real rank zero, by Theorem 3.2 of [12], the ordered group
(K∗(A),K∗(A)+) has the Riesz interpolation property.
Since An =⊕mnj=1 Anj , K∗(An) =⊕mnj=1 K∗(Anj ) and K∗(An)+ =⊕mnj=1 K∗(Anj )+. Since
each Anj is a simple AH-algebra with slow dimension growth, by Theorem 4.12 of [17], the or-
dered group (K∗(Anj ),K∗(Anj )+) is weakly unperforated with torsion. By simple computation
we have (K∗(An),K∗(An)+) is also weakly unperforated with torsion.
Let x ∈ K∗(A) such that kx¯  0, where x¯ ∈ K∗(A)/K∗(A)tor is the image of x under the
quotient map and k is a positive integer, i.e., there is a positive integer m and y ∈ K∗(A) such
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and xn, yn ∈K∗(An) such that myn = 0, kxn + yn ∈K∗(An)+, and (in)∗(xn)= x, (in)∗(yn)= y.
Since (K∗(An),K∗(An)+) is weakly unperforated with torsion, there is a zn ∈ K∗(An)tor such
that xn + zn ∈ K∗(An)+, and so x + (in)∗(zn) ∈ K∗(A)+ and (in)∗(zn) ∈ K∗(A)tor. Therefore
K∗(A)/K∗(A)tor is unperforated.
Let g ∈ K∗(A)+, t ∈ K∗(A)tor such that kg + mt ∈ K∗(A)+ for integer m and positive in-
teger k. By Lemma 5.2, there is a sufficiently large (positive) integer n, and gn ∈ K∗(An)+,
tn ∈ K∗(An)tor such that (in)∗(gn) = g, (in)∗(tn) = t , and kgn + mtn ∈ K∗(An)+. Since
(K∗(An),K∗(An)+) is weakly unperforated with torsion, tn = t ′n + t ′′n with t ′n, t ′′n ∈ K∗(An)tor,
mt ′n = 0, and gn + t ′′n ∈K∗(An)+. Set t ′ = (in)∗(t ′n) and t ′′ = (in)∗(t ′′n ), then t = t ′ + t ′′, mt ′ = 0,
and g + t ′′ ∈K∗(A)+, and this completes the proof. 
To end this paper, we present the example of ATAF algebra in [5] which is not an AH algebra.
Denote by D the two by two matrix algebra over the 3∞ UHF algebra and by C the unique
simple unital AD algebra of real rank zero with K0(C)= Z[ 13 ], K1(C)= Z/2Z ordered by
K∗(C)+ =
{
(x, y): x > 0 or (x = 0, y = 0)}.
Recall that an AD algebra is a C∗-algebra isomorphic to a countable inductive limit of C∗-
algebras of the form
⊕r
i=1 Mk(i)(I˜n(i)), where
In(i) =
{
a ∈ C([0,1],Mn): a(0)= 0, a(1) ∈ C1n},
and I˜n(i) is the unitalization of In(i). In the case that torK0(−) = 0 and m torK1(−) = 0, the
invariant
K(−;m) :K0(−) ρ
0
m−−→K0(−;Z/mZ) β
0
m−−→K1(−)
is complete for AD algebras with real rank zero (and stable rank one). Therefore there is a
unique unital ∗-homomorphism ϕ : C →D, unique up to approximately inner equivalence, hav-
ing K(ϕ;2) given by
K0(C;2)
K(ϕ;2)
Z[ 13 ]
2
ρ
Z/2Z ⊕ Z/2Z
[01]
β
Z/2Z
0
K0(D;2) Z[ 13 ]
ρ
Z/2Z
β
0
Let E be the inductive limit of C∗-algebras of the form Ek = C ⊕⊕k1 D with the connect-
ing map ϕk : Ek → Ek+1 defined by ϕk(c, (d1, d2, . . . , dk)) = (c, (d1, d2, . . . , dk, ϕ(c))) for any
(c, (d1, d2, . . . , dk)) ∈Ek . Then
E =
{(
c, (dn)
) ∈ C ⊕ ∞∏
n=1
D : ∥∥ϕ(c)− dn∥∥→ 0
}
.
Therefore K1(E)= Z/2Z, and
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{(
x, (yn)
) ∈ Z[1
3
]
⊕
∞∏
n=1
Z
[
1
3
]
: yn → 2x
}
,
K0(E)+ =
{(
x, (yn)
)
: x  0, yn  0
}
.
It follows that InfK0(E)= 0. Choosing generators approximately, we get
K0(E;Z/2Z)=
{(
v, z, (wn)
) ∈ Z/2Z ⊕ Z/2Z ⊕ ∞∏
n=1
Z/2Z :wn → z
}
with
ρ02
(
x/3r ,
(
yn/3rn
))= (x + 2Z,0, (yn + 2Z)), β02 (v, z,wn)= z.
Moreover
K∗(E)=
{(
x, z, (yn)
) ∈ Z[1
3
]
⊕ Z/2Z ⊕
∞∏
n=1
Z
[
1
3
]
: yn → 2x
}
ordered by
K∗(E)+ =
{(
x, z, (yn)
)
: yn → 2x, and (x > 0, yn  0) or (x = z = 0, yn  0)
}
.
It is proved in [5] that C is isomorphic to an AH algebra C′ of real rank zero, and one may
use only 3-dimensional finite CW-complexes in the construction of C′. Therefore E is an ATAF
algebra. Moreover in [5] it is proved that E is not an AH algebra and fits into a split and qua-
sidiagonal extension of C by
∞⊕
1
D, which splits by c → (c,ϕ(c),ϕ(c), . . .) and in which the
projections en = (1, . . . ,1,0, . . .) (1 repeats n times) are central in E and form an approximate
unit for
⊕∞
1 D.
Concerning the range of the invariant, the point is whether all the possibilities allowed by
Theorem 5.4 actually occur. Moreover it is interesting to see a description of exactly which
values of the invariant of ATAF algebras arise from an AH algebras. A full discussion of the
range of the invariant of ATAF algebras will follow.
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